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In the description of multiple quantum NMR spectra of spin %2 coupled nuclear spin sys-
tems, the interpretation is greatly simplified by subdividing the Hamiltokiga= H1 + H>),
whereH is a suitable combination of the constants of the motion. In this paper, a useful
connection is established between (i) the discrete Fourier transform, (ii) the Bloch theorem
for translationally invariant systems, and (iii) the nuclear spin dynamics of the benzene ring.
In particular, it is shown that multiple quantum NMR experiments, performed at room tem-
perature, can be used to probe the nuclear spin-wave excitatidms*( K) of the benzene
ring.

1. Introduction

In three preceding papers [1-3], it was argued that the interpretation of multiple
guantum NMR spectra of coupled spif2lsystems can be greatly simplified by dividing
the Hamiltonian up into two parts:

H ="H1+ Ha, (1)

where (i)H, is chosen to be a suitable combination of the constants of the motion and (ii)
‘H, = H — H;. In particular, it was shown that analytical solutions can be found for the
eigenvalues and eigenvectors of thex684 Hamiltonian matrix for six hydrogen nuclei

of the benzene ring, thereby allowing a concise and in-depth description of multiple
guantum NMR (MQ-NMR) experiments on oriented benzene [4-7]. It should also be
noted that a complete solution for the benzene ring has also been given by [8], though in
a completely different format, and approach, from this work and that of [1-3].

In this paper, the results of [3] are re-examined in the light of a connection between
the Discrete Fourier Transform (DFT) and the unitary transformation used to diagonalise
the 6x 6, 15x 15, 20x 20, 7, = +2, £1, and 0 matrices of the benzene ring. It is
shown that the eigenvectors can be interpreted in terms of collective Bloch wave exci-
tations, such as those encountered in (i) the band theory of solids, (ii) the tight-binding
approximation for transition metals, and (iii) spin-waves [9,10].
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Finally, to avoid duplication, the definitions and terminology used below are iden-
tical to those of [3], which should be read in connection with this paper.

2. Unitary transformations and the Discrete Fourier Transform

In [3], it was shown that while the eigenvalues and eigenvectots;afiere trivial,
those ofH; require more effort. Nevertheless, in the secular approximafide a good
guantum number, which allows the 6464 matrix in question to be block-diagonalised
into the 7, = +£2, £1, 0, 6x 6, 15x 15, 20x 20 matrices, respectively. For example,
the 6x 6 matrix associated witly, = +2 takes the form:

1A) |B) [C) |D) |E) |F)7
0 o B y B o
1 o 0 o B y B
HZ(\Z:+2):_Z B o 0 o B vy [, 2)
y B o 0 o B
B y B o 0 o
Lo B vy B a 0

where (ii)|A) is a shorthand notation for all spins up except at positian the benzene
ring etc., and (i, 8, andy are dipolar interaction parameters, associated with nearest,
next-nearest, and next-next-nearest interactions, respectively.

In [3], it was recognised that the matrix of equation (2) is a circulant, which can
be diagonalised using a unitary transformation which reflects the six-fold symmetry of
the benzene ring. A transformation, based on the character tables for; theop
was therefore devised [11]. However, in this paper it is shown that there is a close
connection between the transformation used by [3], and the Discrete Fourier Trans-
form [12], widely used in the Cooley—Tukey algorithm [13]. In this paper, the latter
is exploited to give maximal insight into the nuclear spin dynamics of the benzene
ring.

The unitary matrix for a six-number DFT is given by:

1 1 1 1 1 17 1 1 1 1 1 17
1 o o? o o* o° 1 o o -1 o* o°
U — i 1 0® o* % o o . i 1 o? o* 1 o o
Tl 0 o 0 02 | |1 -1 1 -1 1 -1
1 o* ® o? 0 1 o v 1 o o?
|1 05 0 o 0 5| 1 o o -1 @ |
3)
where (i)
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and (ii) several identities have been used to arrive at the right-hand side of (3). The
right-hand matrix is almost identical to that given by [3], except for relabelling of all
the rows save that of row 1. In passing, we note that the DFT is usually applied in a
Boolean framework where the dimension of the DFT is determine{2by » integer.
However, in the case of a molecule the size of the DFT is set by the number of spins in
guestion.

If we apply the unitary transformation to the Hamiltonian of (2), we find:

Ho(T, = +2)
IUGHngl
20 +2B+y 0 0 0 0 0
0 a—B—y 0 0 0 0
1 0 0 —a—B+y 0 0 0 (5)
) 0 o 0 —2a+28—y 0 0
0 0 0 0 —a—pf+y 0
0 0 0 0 0 a—p—vy

identical to that of equation (16) of [3], except for the order.

We are now in a position to discuss the significance of the wave-functions embod-
ied in the unitary transformation of (3). If we apply the unitary transformation, to the
wavefunctions used to generate the Hamiltonian (2), they take the general form:

) =[l4) + ' |B) + 0¥ |C) + 0¥ |D) + 0¥ |E) + 0™ | F)) (6)
for the six wavefunctions & r < 5. The analogy with the Bloch theorem for simple

plane waves in metals can now be made by defining a wave-vector:

L 2
r =r——,

6a
wherea is the spacing between adjacent spins in the benzene ring. Consequently, equa-
tion (6) can be rewritten in the form:

1Y) = [14) + €| B) + €% |C) + €| D) + &% |E) + V5| F)). (8)

(7)

It is clear therefore that the transformed wavefunctions are simple spin-waves,
characterised by a phase differen¢@r/6) between adjacent spins. Thus the nuclear
excitations of the benzene ring, for ttié = +2 state, can be described in terms of
collective nuclear spin-wave states, with differing wavelengihs: 27/ k,. Further, the
energy eigenvalues of equation (5) can be reinterpreted in terms of a collective dispersion
relation E (k,) vs. k.. However unlike solids, the dispersion curve shown in figure 1, is
now quite discrete. Note that in preparing this diagram, we have used both negative and
positive wave-vectors,. This is possible because fby (k) the spin-wave runs clock-
wise, with a phase separatign= 7/3 (¢ = 27 /3) between adjacent spins, whereas
for ks (ks) the spin-wave runs anticlockwise with a phase separatiop ef —x/3
(¢ = —2m/3), respectively. Thugs = —k; andks = —k3. Secondly, in preparing the
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Figure 1. Nuclear spin-wave dispersion curve for the benzene ring.

energy scale shown in figure 1, we have used (i) the MQ-NMR interpretation of [3], who
showed that:

D= %[Za + 28 4+ y] = 0.431 (kHz) 9
and (iii) the dipole-dipole relationships:
o o
=—— and y=-— 10
B 3/3 y=g3 (10)

for the benzene ring.
Note that (i) the lowest energy-state is givenigy = 0, i.e., all the spins rotating
in phase, and (ii) the zone boundaries occutat= +.

3. Thetwo spin down case: J, = +1

The situation for the7, = +1 15x 15 matrix, for the two-spin down case, is more
complicated. In this instance it is interference between two spin-waves with the same
wave vector which dominate events.
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Following [3], the Hamiltonian for the7, = +1 case is found to be:

rm B 0 0 0 BloTra v 0 O y or7B B 07
B n B 0 0 O a a y 0 0 y 0 B8 B
0O 8 n B 0 O y a « y 0 O B 0 B
0 08 n B O 0Oy o« a y O B B O
0 0 0B n B 0 0y a a vy 0 B8 B
LB 0 0 0 8B ndLy 0 O y a adlLp 0 B
1 re o« y 0 O y7rx 0 B 0 B 07re 0 o7
Ho(T, = +1) = _Z y a a y 0 0 0 x 0 B 0 B a a O , (11)
0Oy «a «a y O B 0 x 0 B O 0 o «
0 0y o a y 0 B 0 x 0 B a 0 «
y 0 0 ¥y a « B 0 B 0 x O a a O
Le y 0 O y odlLO B8 0 B 0 xJLO @ ol
B8 0 8 B 0 Bl [a a 0 o o« 07 T7& OO
B B 0O B B O |:0 a a 0 « Ol:| 0 ¢ 0:|
LO B B 0 B Bl Le 0 ¢ o 0 « LO 0 ¢

where the labelling, from left to right isAB)|BC)|CD)|DE)|EF)|FA), |AC)|BD)
|CE)|DF)|EA)|FB), and|AD)|BE)|CF), respectively. The symbols used in equa-
tion (11) are defined in [3].

From an examination of equation (11) it is evident that the<1E matrix is not a
circulant. However, in partitioned form, the individual matrices are circulants, for both
the square and nonsquare matrices.

As shown by [3], the Hamiltonian matrix of (11) can be brought to near diagonal
form using the block diagonal 15 15 unitary matrix:

Urs = Us @ Us @ Us, (12)

where (i)Us is given by equation (3), arids, the transformation appropriate to three-fold
symmetry, is defined by:

1 1 1 1 1 1
1 1 .
Us=— |1 0w ?|l=—|1 0w o], o=6&773 13
T3 V3 (13)
1 w? o* 1 of o

When this done, the Hamiltonian takes the block diagonal form:

1
HZ(\Z:+1):_Z[Hl®H2®H3®H4®H5®H6®H7]v (14)

where:
—da 428 20+2y 228 11)
Hi=| 20+2y —28 22« 7y |, (15)
2V28 V20 —4y 113)
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[—da+28 21 12') 3 V3
H>, = , =—+i—, (16
Loz —5,3H|8/>] a=3+i5. 19
[ —da—f  (@—2)z2 V2825 13) ] L 3
H3=| (« — 2y)z} -58 V2az;, 9) |, z2= > + > (17)
L V2822 V2azs —4y | L114) _
Hy=[—4a + 281|4) (singlet) (18)
T —da— B (@—2y)z3 V2B T 15) ] 1 V3
Hs=| (¢ — 2y)z2 —58 V2uzs 11T) |, z2= > + i7, (19)
L V282 V207, —4y 1 LI115)
[~ba+p |6') 3 .V3
H6—_ 2 —5/3][”_2)]’ 21—2+| > (20)
H7;=[-28]|10) (singlet) (21)

Note that all the wavefunctions have been embellished with a dash, to indicate that they
are the wavefunctions obtained after the unitary transformation of equation (11) has been
applied.

Equations (15)—(21) are identical with those of [3], except for an almost complete
relabelling of the wave-functions. In passing, we also noteM3at Hj, andHg = HJ,
so that in practice, it is only necessary to diagonalisexa2and two 3x 3 matrices.

From an examination of equation (15), it is evident that the three wavefunc-
tions of H; are mixtures of three symmetric wavefunctions, all characterised by the
‘wave-vector' k, = 0. Similarly, the two eigenfunctions off, are characterised
by two spin-waves withk, = (27/6a). But note that vectors from the third group
|13)—|15) are excluded because this set of eigenvectors cannot suppert{2r/6a)
spin-waves. However this is not the case for the eigenvalue#lpfwhere ad-
mixing occurs between three wavefunctions, all characterised, by= 2(27/6a).

Very similar arguments can be advanced fé (k, = 4(27/6a)) and Hg (k, =
5(27 /6a)).

But perhaps the greatest surprise lies in the observation that the eigenfunctions of
H, and H7 are not admixed but are singlets. The wavefunctions associated with these
eigenvalues ar¢4’) and|10), respectively, both of which are characterised by phase
changes of'& between neighbouring wavefunctions. So the possibility for interference
exists. However, note that the three wave functid®—|15)) cannot be admixed into
|4y and|10'), because the former cannot support spin-waves with phase differéfces e

Finally, we state without proof that the above treatment can be extended to the
20 x 20 matrix associated witly, = 0. In this case three spin-waves are involved. In
summary therefore, the nuclear excitations of kespins in the benzene ring can be
described in terms of spin-waves, and/or mixtures of spin-waves with a common wave-
vectork, .
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4. MQ-NMR and nuclear spin dynamics

A full description of Am = +£4 and+5 MQ-NMR experiments on the benzene
ring has already been given in detail in [3], where it is shown that there is excellent
agreement between theory and experiment. In this section, we stress that MQ-NMR
experiments can be used to probe the nuclear spin-dynamics of the benzene ring.

In the past, MQ-NMR experiments have been described largely in terms of simple
single-spin Zeeman energy level diagrams, implicitly neglecting spin—spin interactions.
However, for the benzene ring, the entire description of MQ-NMR experiments can
be re-couched in terms of collective nuclear spin-wave states. This provides a deeper
description, enriched by the knowledge of the specific eigenvectors and the spin-wave
excitations involved. For examplé&ymm = +4 experiments on the benzene ring target
indirect transitions from7, = -3 — +1 andJ, = —2 — +2. The first set involves
transitions from a fully symmetri¢/, = —3 collective spin-wave, witlt, = 0, to a
dual mixed spin-wave state characterisedby= +1. The second set however involves
transitions from one spin wave state to another. For the latter, the only allowed transitions
are between spin-wave states with the same wave-victer2r /6a. These arguments
are easily extended thm = +3 etc., experiments etc.

5. Conclusions

In this paper, it has been shown that the DFT can be used to advantage in the di-
agonalization of the nuclear Hamiltonian for the benzene ring. Further, the transformed
wave-functions allow parallels to be drawn between Bloch’s theorem and nuclear spin-
wave states. In particular, it has been shown that (i) the nuclear wave-functions of the
benzene ring, can be understood in terms of either singular or mixed spin-wave states,
and (i) it is possible to identify those spin waves states which are targeted in a given MQ-
NMR experiment. But perhaps the most striking conclusion of all is that MQ-NMR ex-
periments, performed at room temperature, can be used study the nuclear spin-dynamics
~1 kHz (~10~7 K) of the benzene ring. Normally, in the study of weak energy excita-
tions, very low temperatures are essential. But the high resolutiériHz) plus the high
selectivity of the MQ-NMR experiment, allows weak collective nuclear excitations to be
examined at room-temperature.
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